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Abstract
In this article, an application of He’s variational iteration method is proposed to approximate the solution of a nonlinear
fractional differential equation with Riemann–Liouville’s fractional derivatives. Also, the results are compared with those ob-
tained by Adomian’s decomposition method and truncated series method. The results reveal that the method is very effective and
simple.
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1. Introduction
Until now in various areas of physics and engineering nonlinear equations, especially fractional differential equation
(FDE), were presented. For example the fractional derivative has been accruing in damping laws, motion in Newtonian
ﬂuid, dynamical systems, etc. [4,20]. Recently, the numerical solutions of FDE have been established by Diethelm and
Ford [5]. Also, the solution of FDE has been obtained through Adomian’s decomposition method [3,18,19].
The variational iterationmethodwas ﬁrst proposed byHe [6–9] andwas successfully applied to autonomous ordinary
differential equation [10], and other ﬁelds [12,13].
Recently, new applications of He’s variational iteration method were applied to Schrodinger-KdV, generalized
KdV and shallow water equations [1], to Burger’s and coupled Burger’s equations [2], to linear Helmholtz par-
tial differential equation [14] and recently to nonlinear fractional differential equations with Caputo differential
derivative [15].
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The mathematical deﬁnition of fractional calculus has been the main subject of many different approaches [16,17].
The left-sided Riemann–Lioville fractional integral of order q > 0 of a function f (x) is deﬁned as [7,17,18]
d−qf (x)
dx−q
= 1
(q)
∫ x
0
f (t) dt
(x − t)1−q , x > 0,
and the Riemann–Liouville’s fractional derivative is deﬁned as
dqf (x)
dxq
= d
n
dxn
(
d−(n−q)f (x)
dx−(n−q)
)
= 1
(n − q)
dn
dxn
∫ x
0
f (t) dt
(x − t)1−n+q ,
where n is an integer that satisﬁes n − 1q <n.
2. He’s variational iteration method
To illustrate the basic concept of He’s variational iteration method, we consider the following nonlinear FDE [7]
Lu(t) +Nu(t) = g(t), (1)
where L is a linear operator,N is a nonlinear operator including fractional differential part, and g(t) is a known
analytical function.
Ji-Huan He has modiﬁed the general Lagrange multiplier method into an iteration method, which is called correction
functional, in the following way [6–10]
un+1(t) = un(t) +
∫ t
0
(Lun(x) +Nu˜n(x) − g(x)) dx, (2)
where  is a general Lagrange multiplier, which can be identiﬁed optimally via the variational theory [11], the subscript
n denotes the nth approximation, and u˜n is considered as a restricted variation [6–10], i.e., u˜n = 0. It is shown that
this method is very effective and easy and can solve a large class of nonlinear problems. For linear problem, its exact
solution can be obtained by only one iteration, because  can be exactly identiﬁed.
3. Application
In general, there exists no method that yields an exact solution for nonlinear FDE, only approximate solutions can
be obtained. To illustrate the advantages and the accuracy of He’s variational iteration method, we will consider the
following nonlinear FDE which was recently solved by Adomian’s decomposition method (ADM) and compared by
truncated series method in [18].
Example (Saha Ray and Bera [18]). Consider the nonlinear FDE
du
dt
+ d
1/2u
dt1/2
− 2u2 = 0. (3)
First, we obtain the solution by truncated series method. We can look at the solution u(t) of Eq. (3) in the form of the
fractional power series
u(t) =
∞∑
i=0
yit
i/2
, (4)
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with y0 = c, where c is a constant. By substituting (4) into (3) and comparing the coefﬁcients of the results fractional
power series, we obtain [18]:
u(t) = c − 2c√

t1/2 + (c + 2c2)t −
(
8c2√

+ 4c
3
√

)
t3/2
+
[
c
2
+
(
5 + 4

)
c2 + 4c3
]
t2
−
[
8c
15
√

+
(
32
3
√

+ 64
15
√

)
c2 + 352c
3
15
√

]
t5/2
+
[
c
6
+
(
6 + 32
9
)
c2 +
(
50
3
+ 80
3
)
c3 + 8c4
]
t3 + · · · . (5)
In the light of the ADM we assume that u(t) = y0(t) + y1(t) + y2(t) + · · · to be the solution of (3), where [18]
y0(t) = c,
y1(t) = 2c2t − 2c
√
t√

,
y2(t) = 4c3t2 − 8c
2
√

t3/2 + ct ;
y3(t) = 8c4t3 − 35215
c3t5/2√

+
(
5 + 4

)
c2t2 − 4c
3
√

t3/2,
y4(t) = 16c5t4 − 6464105√c
4t7/2 +
(
50 + 80

)
c3t3
3
−
(
32
3
√

+ 64
15
√

)
c2t5/2 + ct
2
2
,
and so on. Let n(t) =
∑n
i=0 yi(t). Therefore, the solution of (3) by ADM is [18]:
u(t) = c +
(
2c2t − 2c
√
t√

)
+
(
4c3t2 − 8c
2
√

t3/2 + ct
)
+ · · · . (6)
To solve Eq. (3) by means of He’s variational iteration method, we construct a correction functional which reads
un+1(t) = un(t) +
∫ t
0

{
u′n(x) +
d1/2
dx1/2
u˜n(x) − 2u˜2n(x)
}
dx,
where u˜n is considered as a restricted variation. Its stationary conditions can be obtained as follows:
′(x) = 0,
1 + (x)|x=t = 0.
The Lagrange multiplier, therefore, can be obtained as = −1, and the following variational iteration formula can be
obtained:
un+1(t) = un(t) −
∫ t
0
{
u′n(x) +
d1/2
dx1/2
un(x) − 2u2n(x)
}
dx. (7)
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We start with an initial approximation u0(t) = c, where c is an arbitrary constant, by the iteration formula (7). We
can obtain the other components as:
u1(t) = c − 2c
√
t√

+ 2c2t ,
u2(t) = c − 2c
√
t√

+ (c + 2c2)t − 8c
2t3/2√

+
(
4c3 + 4c
2

)
t2 − 32c
3t5/2
5
√

+ 8c
4t3
3
,
u3(t) = c − 2c
√
t√

+ (c + 2c2)t −
(
8c2√

+ 4c
3
√

)
t3/2 +
(
(5c2 + 4c3) + 4c
2

)
t2
−
(
64c2
15
√

+ 48c
2 + 352c3
15
√

)
t5/2 +
(
2c2 + 14c3 + 24c4
3
+ 80c
3
3
)
t3
−
(
64c3
7
√

+ 960c
3 + 3904c4
105
√

)
t7/2 +
(
12c4 + 32c5
3
+ 20c
3 + 264c4
5
)
t4
−
(
256c4
9
√

+ 768c
4 + 6016c5
135
√

)
t9/2 +
(
32c5 + 160c6
15
+ 32c
4
52
+ 1344c
5
25
)
t5
−
(
1024c5
55
√

+ 512c
6
15
√

)
t11/2 +
(
64c7
9
+ 4672c
6
225
)
t6
− 2048c
7
195
√

t13/2 + 128c
8
63
t7,
u4(t) = c − 2c√

t1/2 + (c + 2c2)t −
(
8c2√

+ 4c
3
√

)
t3/2
+
(
c + 10c2 + 8c3
2
+ 4c
2

)
t2 −
(
160c2 + 352c3
15
√

+ 64c
2
15
√

)
t5/2
+ · · · + 32768c
16
59535
t15. (8)
We compare the solution in Eq. (5) by fractional power series method and in Eq. (6) byADM with that of Eq. (8) by
He’s variational iteration method and the results are given below in Tables 1–3 for c = 1.
Table 1
Comparison between Adomian’s method 2 and fractional power series solution (truncated until 13-terms) and variational method u2
t (time) 2(t) u2(t) Power series Absolute error
0 1 1 1 0
0.01 0.913049 0.913142 0.912804 0.000338
0.02 0.889257 0.889583 0.888937 0.000646
0.03 0.874706 0.875361 0.874525 0.000836
0.04 0.864616 0.865668 0.864758 0.000910
0.05 0.857224 0.858722 0.857839 0.000883
0.06 0.851670 0.853645 0.852877 0.000768
0.07 0.847467 0.849940 0.849361 0.000579
0.08 0.844317 0.847295 0.846971 0.000324
0.09 0.842021 0.845504 0.845495 0.000009
0.1 0.840445 0.844426 0.844794 0.000368
S. Abbasbandy / Journal of Computational and Applied Mathematics 207 (2007) 53–58 57
Table 2
Comparison between Adomian’s method 3 and fractional power series solution (truncated until 13-terms) and variational method u3
t (time) 3(t) u3(t) Power series Absolute error
0 1 1 1 0
0.01 0.912799 0.912785 0.912804 0.000019
0.02 0.888954 0.888892 0.888937 0.000045
0.03 0.874595 0.874460 0.874525 0.000065
0.04 0.864911 0.864686 0.864758 0.000072
0.05 0.858096 0.857775 0.857839 0.000064
0.06 0.853251 0.852837 0.852877 0.000040
0.07 0.849854 0.849357 0.849361 0.000004
0.08 0.847574 0.847009 0.846971 0.000038
0.09 0.846183 0.845572 0.845495 0.000077
0.1 0.845522 0.844890 0.844794 0.000096
Table 3
Comparison between Adomian’s method 4 and fractional power series solution (truncated until 13-terms) and variational method u4
t (time) 4(t) u4(t) Power series Absolute error
0 1 1 1 0
0.01 0.912803 0.912805 0.912804 0.000001
0.02 0.888934 0.888941 0.888937 0.000004
0.03 0.874517 0.874533 0.874525 0.000008
0.04 0.864746 0.864770 0.864758 0.000012
0.05 0.857827 0.857858 0.857839 0.000019
0.06 0.852871 0.852906 0.852877 0.000029
0.07 0.849369 0.849400 0.849361 0.000039
0.08 0.846998 0.847017 0.846971 0.000046
0.09 0.845539 0.845538 0.845495 0.000043
0.1 0.844840 0.844808 0.844794 0.000014
4. Conclusions
In this work, we successfully apply the He’s variational iterative method to approximate the solution of nonlinear
FDE. It gives a simple and a powerful mathematical tool. In our work, we use the Mathematica Package to calculate
the series obtained from the variational iteration method.
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